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Abstract. Generalizing previous results, we give an algebraic characteriza-
tion of elementary equivalence for polycyclic-by-finite groups. We use this
characterization to investigate the relations between their elementary equiva-
lence and the elementary equivalence of the factors in their decompositions in
direct products of indecomposable groups. In particular we prove that the el-
ementary equivalence G ≡ H of two such groups G,H is equivalent to each of
the following properties: 1) G×· · ·×G (k times G) ≡ H×· · ·×H (k times H)
for an integer k ≥ 1; 2) A × G ≡ B ×H for two polycyclic-by-finite groups
A,B such that A ≡ B. It is not presently known if 1) implies G ≡ H for any
groups G,H .
1. Characterization of elementary equivalence.
In the present paper, we investigate the elementary equivalence between
finitely generated groups and the relations between direct products and ele-
mentary equivalence for groups. First we give the relevant definitions.
We say that two groups M,N are elementarily equivalent and we write
M ≡ N if they satisfy the same first-order sentences in the language which
consists of one binary functional symbol.
We say that a group M is polycyclic if there exist some subgroups {1} =
M0 ⊂ · · · ⊂ Mn = M with Mi−1 normal in Mi and Mi/Mi−1 cyclic for
1 ≤ i ≤ n. For any properties P,Q, we say that M is P -by-Q if there exists
a normal subgroup N which satisfies P and such that M/N satisfies Q.
For each groupM , we denote by Z(M) the center ofM . For each A ⊂M ,
we denote by 〈A〉 the subgroup of M generated by A. We write
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M ′ = 〈{[x, y] | x, y ∈M}〉 and, for any h, k ∈ N∗,
M ′(h) = {[x1, y1] · · · [xh, yh] | x1, y1, . . . , xh, yh ∈M},
×kM =M × · · · ×M (k times M),
Mk =
〈{
xk | x ∈M
}〉
and
Mk(h) = {xk1 · · ·x
k
h | x1, . . . , xh ∈M}.
Each of the propertiesM ′ =M ′(h) andMk =Mk(h) can be expressed by
a first-order sentence. As polycyclic-by-finite groups are noetherian, it follows
from [16, Corollary 2.6.2] that, for each polycyclic-by-finite group M and
each k ∈ N∗, there exists h ∈ N∗ such that M ′ = M ′(h) and Mk = Mk(h).
Actually, the result concerning the property M ′ =M ′(h) was first proved in
[15].
For each group M and any subsets A,B, we write AB = {xy | x ∈ A and
y ∈ B}. If A,B are subgroups of M and if A or B is normal, then AB is
also a subgroup.
For each group M and each subgroup S of M such that M ′ ⊂ S, we
consider the isolator IM(S) = ∪k∈N∗{x ∈ M | x
k ∈ S}, which is a subgroup
of M . We write Γ(M) = IM(Z(M)M
′) and ∆(M) = IM(M
′). We also
have Γ(M) = IM(Z(M)∆(M)). If M is abelian, then ∆(M) is the torsion
subgroup τ (M).
For any h, k ∈ N∗, there exists a set of first-order sentences which, in
each group M with M ′ = M ′(h), expresses that Γ(M)k ⊂ Z(M)M ′ (resp.
∆(M)k ⊂M ′).
During the 2000s, there was a lot of progress in the study of elementary
equivalence between finitely generated groups, with the proof of Tarski’s
conjecture stating that all free groups with at least two generators are ele-
mentarily equivalent (see [5] and [17]).
Anyway, examples of elementarily equivalent nonisomorphic finitely gen-
erated groups also exist for groups which are much nearer to the abelian
class. One of them was given as early as 1971 by B.I. Zil’ber in [18].
It quickly appeared that the class of polycyclic-by-finite groups would
be an appropriate setting for an algebraic characterization of elementary
equivalence. Actually, two elementarily equivalent such groups necessarily
have the same finite images (see [9, Remark, p. 475]) and, by [4], any class of
such groups which have the same finite images is a finite union of isomorphism
classes.
Between 1981 and 1991, algebraic characterizations of elementary equiv-
alence were given for particular classes of polycyclic-by-finite groups (see [9],
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[11] and [12]). During the 2000s, some new progress was made with the
introduction of quasi-finitely axiomatizable finitely generated groups by A.
Nies (see [6, Introduction]). This line of investigation, and in particular the
results of [6], made it possible to obtain the characterization of elementary
equivalence for polycyclic-by-finite groups which is given below.
By Feferman-Vaught’s theorem (see [3]), we have G1×G2 ≡ H1×H2 for
any groups G1, G2, H1, H2 such that G1 ≡ H1 and G2 ≡ H2. In particular,
we have ×kG ≡ ×kH for each k ∈ N and any groups G,H such that G ≡ H .
In [7, p. 9], L. Manevitz proposes the following conjecture:
Conjecture. For any groups G,H and each integer k ≥ 2, if ×kG ≡ ×kH ,
then G ≡ H .
L. Manevitz mentions that the conjecture becomes false if we consider
sets with one unary function instead of groups. He obtains a counterexample
by taking for G the set N equipped with the successor function and for H
the disjoint union of two copies of G. We have ×kG ∼= ×kH for each integer
k ≥ 2, but G and H are not elementarily equivalent.
It seems likely that the conjecture is also false for groups in general.
Anyway, it appears that no counterexample has been given until present.
For some classes of groups, we prove that the conjecture is true by showing
that the groups are characterized up to elementary equivalence by invariants
with good behaviour relative to products. We show in this way that the con-
jecture is true for abelian groups, using the invariants introduced by Szmielew
or Eklof-Fisher (see [2]).
Similarly, by [11, Cor., p. 1042], two finitely generated abelian-by-finite
groups G,H are elementarily equivalent if and only if they have the same
finite images. For polycyclic-by-finite groups, and in particular for finitely
generated abelian-by-finite groups, the last property is true if and only if
G/Gn ∼= H/Hn for each n ∈ N∗. The conjecture is true for finitely generated
abelian-by-finite groups because, for any such groups G,H and any k, n ∈ N∗,
the finite groups G/Gn and H/Hn are isomorphic if and only if ×k(G/Gn) ∼=
(×kG)/(×kG)n and ×k(H/Hn) ∼= (×kH)/(×kH)n are isomorphic.
Also, according to [12, Th., p. 173], which answered a conjecture stated
in [8], two finitely generated finite-by-nilpotent groups G,H are elementarily
equivalent if and only if G × Z and H × Z are isomorphic. It follows that
Manevitz’s conjecture is true for finitely generated finite-by-nilpotent groups
(see [12, Cor. 1, p. 180]).
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In the more general case of polycyclic-by-finite groups, neither of the
properties above is a characterisation of elementary equivalence. Actually
(see [12, p. 173]), there exist:
1) two finitely generated torsion-free nilpotent groups of class 2, G,H , which
have the same finite images and do not satisfy G × Z ∼= H × Z (for such
groups, G× Z ∼= H × Z implies G ∼= H);
2) two polycyclic abelian-by-finite groups G,H which have the same finite
images and do not satisfy G× Z ∼= H × Z.
It follows from [11, Cor., p. 1042] that G and H are elementarily equivalent
in the second case and from [12, Th., p. 173] that they are not elementarily
equivalent in the first case.
However, Theorem 1.1 below gives an algebraic characterization of ele-
mentary equivalence for polycyclic-by-finite groups. In the second section of
the present paper, we use it in order to prove that the conjecture is true for
such groups.
Theorem 1.1. Two polycyclic-by-finite groups G,H are elementarily equiv-
alent if and only if there exist n ∈ N∗ such that |G/Gn| = |H/Hn| and, for
each k ∈ N∗, an injective homomorphism fk : G → H such that H =
fk(G)Z(H
n) and |H : fk(G)| is prime to k.
The following Proposition implies that the case n = 1 of the characteri-
zation above is equivalent to the stronger property G×Z ∼= H×Z. We shall
give the proof of the Proposition first, since it is much shorter than the proof
of the Theorem.
Proposition 1.2. For any groups G,H with G/G′ and H/H ′ finitely gen-
erated, the following properties are equivalent:
1) G× Z ∼= H × Z;
2) for each k ∈ N∗, there exists an injective homomorphism fk : G→ H with
H = fk(G)Z(H) and |H/fk(G)| prime to k;
3) the same property is true for k = |Γ(H)/(Z(H)∆(H))| . |∆(H)/H ′|.
Proof of Proposition 1.2. First we show that 1) implies 2). We consider
an isomorphism f : M → N with M = G × 〈u〉, N = H × 〈w〉 and 〈u〉,
〈w〉 infinite. The restriction of f to G ∩ f−1(H) is an isomorphism from
G ∩ f−1(H) to f(G) ∩H .
Suppose f(G) 6= H . Then G/(G ∩ f−1(H)) ∼= 〈G, f−1(H)〉 /f−1(H) ⊂
M/f−1(H) ∼= N/H is infinite cyclic. The same property is true forH/(f(G)∩
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H). We consider v ∈ G such that G = 〈v,G ∩ f−1(H)〉 and x ∈ H such that
H = 〈x, f(G) ∩H〉.
We write f(u) = wkxly and f(v) = wmxnz with k, l,m, n ∈ Z and y, z ∈
f(G) ∩H . We have u ∈ Z(M), whence f(u) ∈ Z(N) and xly ∈ Z(H). The
integers l, n are prime to each other since f induces an isomorphism from
M/(G ∩ f−1(H)) to N/(f(G) ∩H).
For each r ∈ Z, we consider the homomorphism fr : G → H defined by
fr(v) = (x
ly)rxnz and fr(t) = f(t) for t ∈ G ∩ f
−1(H). We have fr(t) ∈
f(t)Z(H) for each t ∈ G. It follows N = f(G)Z(N) = fr(G)Z(N) and
H = fr(G)Z(H). We also have fr(v) ∈ x
lr+n(f(G) ∩ H) since f(G) ∩ H is
normal in H . Consequently, fr is injective.
For each s ∈ N∗, we can choose r in such a way that lr+ n is prime to s,
since l and n are prime to each other. Then |H/fr(G)| is prime to s.
Now it suffices to prove that 3) implies 1). The property H = fk(G)Z(H)
implies H ′ = fk(G)
′ = fk(G
′). Consequently, |∆(H)/fk(∆(G))| both divides
|∆(H)/H ′| since H ′ ⊂ fk(∆(G)) and |H/fk(G)| since fk(∆(G)) = ∆(H) ∩
fk(G). As |H/fk(G)| is prime to |∆(H)/H
′|, it follows fk(∆(G)) = ∆(H).
Now the property G × Z ∼= H × Z follows from [12, Prop. 3] and its
proof. Actually, the group G considered in that proposition is supposed
finitely generated finite-by-nilpotent, but the proof only uses the property
“G/∆(G) finitely generated”. 
The definitions and the two lemmas below will be used in the proof of
Theorem 1.1.
For each group M , we write E(M) = ∩k∈N∗M
k. If M is abelian and if
τ(M) is finite, then E(M) is the additive structure of a Q-vector space.
Definitions. LetM be a group, letK be a group of automorphisms ofM and
let A,B be subgroups of M stabilized by K such that A∩B = [A,B] = {1}.
We say that B is a K-complement of A in M if AB = M , and a K-quasi-
complement of A in M if |M : AB| is finite.
Lemma 1.3. Let M be a finitely generated abelian group with additive
notation, let N, S be subgroups of M such that N ∩ S = {0}, and let K be
a finite group of automorphisms of M which stabilizes N and S. Then there
exists a K-quasi-complement T of N in M which contains S.
Proof of Lemma 1.3. We consider an integer r ≥ 1 such that r.τ(M) = {0}
and r.IM (S) ⊂ S. We writeM
∗ = rM , N∗ =M∗∩N and S∗ =M∗∩S. Then
5
M∗ and M∗/S∗ are torsion-free. We have N∗ ∩ S∗ = {0} and M∗, N∗, S∗
are stabilized by K. As M/M∗ is finite, it suffices to show that N∗ has a
K-quasi-complement in M∗ which contains S∗, or equivalently that N∗ has
a K-quasi-complement in M∗/S∗.
Consequently, it suffices to prove the Lemma for M finitely generated
torsion-free abelian and S = {0}. Then M can be embedded in a Q-vector
space M of finite dimension such that the action of K on M is defined.
Moreover, K stabilizes the isolator N of N in M , which is a subspace of M .
It follows from the proof of Maschke’s theorem given in [1, pp. 226-227] that
N has a K-complement T in M . Then T ∩M is a K-quasi-complement of
N in M . 
Lemma 1.4. Let M be a torsion-free abelian group with additive notation,
let N be a divisible subgroup of M , let S be a subgroup of M such that
N ∩ S = {0}, and let K be a finite group of automorphisms of M which
stabilizes N and S. Then there exists a K-complement T of N in M which
contains S.
Proof of Lemma 1.4. It suffices to show thatM = N⊕S if S is maximal for
the properties N ∩S = {0} and S stabilized by K. Then we have IM(S) = S
since N ∩ IM(S) = {0} and IM(S) is stabilized by K. We reduce the proof
to the case S = {0} by considering M/S instead of M .
Now suppose S = {0} and consider x ∈ M − N . Then K stabilizes
T = 〈{f(x) | f ∈ K}〉. In order to obtain a contradiction, it suffices to
prove that there exists a nontrivial subgroup U of T stabilized by K such
that N ∩ U = {0}. But, as T is finitely generated, it follows from Lemma
1.3 that N ∩T has a K-quasi-complement U in T . Moreover, U is nontrivial
since T/(N ∩ T ) is torsion-free and therefore infinite. 
Proof of Theorem 1.1. First we show that the condition is necessary.
We consider a finite generating tuple x of G. By [6, Th. 3.1], there exist
an integer n ≥ 1 and, for each integer k ≥ 1, a formula ϕk(u) satisfied
by x in G such that, for each finitely generated group M and each tuple
y which satisfies ϕk in M , the map x → y induces an isomorphism from
G/Z(Gn) to M/Z(Mn) and an injective homomorphism h : G → M with
|M : h(G)| prime to k. As G and H are elementarily equivalent, we have
|G/Gn| = |H/Hn| and there exists a tuple y which satisfies ϕk in H .
It remains to be proved that the condition is sufficient. First we show
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some properties which are true for each injective homomorphism f : G→ H
such that H = f(G)Z(Hn).
The homomorphism f induces an isomorphism from G/Gn to H/Hn since
H = f(G)Hn and |G/Gn| = |H/Hn|. Consequently, we have f−1(Hn) = Gn,
f(Gn) = Hn∩f(G) and Hn = (Hn∩f(G))Z(Hn) = f(Gn)Z(Hn). It follows
(Hn)′ = (f(Gn))′ = f((Gn)′) and f−1(∆(Hn)) = ∆(Gn).
Now we show that f−1(Z(Hn)) = Z(Gn). For each x ∈ G such that
f(x) ∈ Z(Hn), we have x ∈ Gn since f(x) ∈ Hn, and there exists no y ∈ Gn
such that [x, y] 6= 1 since it would imply f(y) ∈ Hn and [f(x), f(y)] 6= 1.
Conversely, for each x ∈ Z(Gn), we have f(x) ∈ Hn. Let us suppose that
there exists z ∈ Hn such that [f(x), z] 6= 1. Then we have z = zn1 · · · z
n
r
with r ∈ N∗ and z1, . . . , zr ∈ H . For each i ∈ {1, . . . , r}, we consider
yi ∈ G such that zi ∈ f(yi)Z(H
n). As Z(Hn) is normal in H , we have z ∈
f(y1)
n · · · f(yr)
nZ(Hn), whence f([x, yn1 · · · y
n
r ]) = [f(x), f(y1)
n · · · f(yr)
n] =
[f(x), z] 6= 1 and [x, yn1 · · · y
n
r ] 6= 1, which contradicts x ∈ Z(G
n).
Consequently, we have f(Z(Gn)) = Z(Hn) ∩ f(G) and f induces an iso-
morphism fromG/Z(Gn) toH/Z(Hn). It follows |H : f(G)| = |Z(Hn)/f(Z(Gn))|.
Now suppose that |H : f(G)| is prime to |∆(Hn)/(Hn)′|. Then f−1(∆(Hn)) =
∆(Gn) implies f(∆(Gn)) = ∆(Hn) since |∆(Hn)/f(∆(Gn))| both divides
|∆(Hn)/(Hn)′| and |H : f(G)|. Moreover, the equalities f(Z(Gn)) = Z(Hn)∩
f(G) and f(∆(Gn)) = ∆(Hn) imply f(Z(Gn) ∩∆(Gn)) = Z(Hn) ∩∆(Hn).
For each k ∈ N, we consider an injective homomorphism fk : G→ H with
H = fk(G)Z(H
n) and |H : fk(G)| prime to l! where l = sup(k, |∆(H
n)/(Hn)′|).
Each fk satisfies f
−1
k (H
n) = Gn, f−1k (Z(H
n)) = Z(Gn), Hn = fk(G
n)Z(Hn),
fk(∆(G
n)) = ∆(Hn), fk(Z(G
n)∩∆(Gn)) = Z(Hn)∩∆(Hn) and |H : fk(G)| =
|Z(Hn)/fk(Z(G
n))|.
We consider an ω1-incomplete ultrafilter U over N and the injective ho-
momorphism f : GU → HU which admits (fk)k∈N as a representative.
We have (GU)n = (Gn)U and (HU)n = (Hn)U since there exists an integer
r ≥ 1 such that Gn = Gn(r) and Hn = Hn(r). Consequently, f induces
an injective homomorphism from (GU)n to (HU)n and an isomorphism from
GU/(GU)n to HU/(HU)n.
We also have ((GU)n)′ = ((Gn)U)′ = ((Gn)′)U and ((HU)n)′ = ((Hn)U)′ =
((Hn)′)U since there exists an integer s ≥ 1 such that (Gn)′ = (Gn)′(s)
and (Hn)′ = (Hn)′(s). It follows ∆((GU)n) = ∆(Gn)U and ∆((HU)n) =
∆(Hn)U since there exists an integer t ≥ 1 such that ∆(Gn)t ⊂ (Gn)′ and
∆(Hn)t ⊂ (Hn)′. Now the equalities fk(∆(G
n)) = ∆(Hn) for k ∈ N imply
f(∆((GU)n)) = ∆((HU)n).
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We have Z((GU)n) = Z((Gn)U) = Z(Gn)U and Z((HU)n) = Z(Hn)U .
The equalities fk(Z(G
n) ∩ ∆(Gn)) = Z(Hn) ∩ ∆(Hn) imply f(Z((GU)n) ∩
∆((GU)n)) = Z((HU)n) ∩∆((HU)n).
The action of G/Gn on Z(Gn) is defined since Gn acts trivially on Z(Gn),
and the action of GU/(GU)n on Z((GU)n) is defined since (GU)n acts trivially
on Z((GU)n). The same properties are true for H .
According to Lemma 1.3, there exist a G/Gn-quasi-complement C of
Z(Gn) ∩ ∆(Gn) in Z(Gn) and an H/Hn-quasi-complement D of Z(Hn) ∩
∆(Hn) in Z(Hn).
Then CU is a GU/(GU)n-quasi-complement of Z((GU)n) ∩ ∆((GU)n) in
Z((GU)n), and E(CU) is aGU/(GU)n-complement ofE(Z((GU)n)∩∆((GU )n))
in E(Z((GU)n)) since E(Z((GU)n)) is a Q-vector space. In particular, E(CU)
is a normal subgroup of GU . The same properties are true for H and D.
Now we prove that there exists a subgroup T of GU such that G ⊂ T ,
T ∩ E(CU) = {1} and GU = T.E(CU). As E(CU) ∩ ∆((GU)n) = {1}, it
suffices to show that there exists a subgroup S of GU/∆((GU)n) such that
G/∆(G) ⊂ S, S ∩ E(CU) = {1} and S.E(CU) = GU/∆((GU)n).
The action ofGU/(GU)n on (GU)n/∆((GU)n) is defined since (GU)n/∆((GU)n)
is an abelian normal subgroup of GU/∆((GU)n). By Lemma 1.4, E(CU) has
a GU/(GU)n-complement R in (GU)n/∆((GU)n) which contains Gn/∆(Gn).
Let us consider x1, . . . , xm ∈ G such that G is the disjoint union of
x1G
n, . . . , xmG
n. Then S = x1R ∪ . . . ∪ xmR is a subgroup of G
U/∆((GU)n)
which contains G/∆(Gn). We have S ∩ E(CU) = {1} and S.E(CU) =
GU/∆((GU)n).
For each k ∈ N, fk induces an isomorphism from Z(G
n)/Z(Gn)k! to
Z(Hn)/Z(Hn)k! since |Z(Hn)/fk(Z(G
n))| = |H : fk(G)| is prime to k!. Con-
sequently, f induces an isomorphism from Z((GU)n)/E(Z((GU)n)) to
Z((HU)n)/E(Z((HU)n)), and therefore induces an isomorphism from
GU/E(Z((GU)n)) to HU/E(Z((HU)n)) since it induces an isomorphism from
GU/Z((GU)n) to HU/Z((HU)n).
It follows that f induces an isomorphism from GU/E(CU) to HU/E(DU)
since f(E(Z((GU)n)∩∆((GU )n))) = E(Z((HU)n)∩∆((HU)n)). In particular,
each element ofHU can be written in a unique way as a product of an element
of f(T ) and an element of E(DU).
Now denote by u1, . . . , um the elements of G
U/(GU)n and write vi = f(ui)
for 1 ≤ i ≤ m. The restriction of f to T is completed into an isomorphism
from GU to HU by any isomorphism g : E(CU) → E(DU) which satisfies
g(zui) = g(z)vi for z ∈ E(CU) and 1 ≤ i ≤ m. It remains to be proved that
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g exists.
The automorphisms θui : x → x
ui of Z(Gn)/(Z(Gn) ∩ ∆(Gn)) and the
automorphisms θvi : x → x
vi of Z(Hn)/(Z(Hn) ∩ ∆(Hn)) are defined since
Gn acts trivially on Z(Gn) and Hn acts trivially on Z(Hn).
Each fk induces an injective homomorphism from
A = (Z(Gn)/(Z(Gn) ∩∆(Gn)), θu1, . . . , θum) to
B = (Z(Hn)/(Z(Hn) ∩∆(Hn)), θv1 , . . . , θvm)
and therefore induces an isomorphism from A/Ak! to B/Bk! since
|Z(Hn)/fk(Z(G
n))| = |H : fk(G)| is prime to k!.
By [13, Cor. 1.2], A and B are elementarily equivalent. Moreover, the
existence of an isomorphism from AU to BU follows from the proofs of [11]
and [13], and from the existence of isomorphisms ẐU → ZU → Ẑ × E(ZU )
which fix the elements of Z, where Ẑ is the profinite completion of Z.
Any isomorphism from
AU = (Z((GU)n)/(Z((GU)n) ∩∆((GU)n)), θu1, . . . , θum) to
BU = (Z((HU)n)/(Z((HU)n) ∩∆((HU)n)), θv1 , . . . , θvm)
induces an isomorphism from E(AU) to E(BU), and therefore induces an
isomorphism g : E(CU) → E(DU) which satisfies g(zui) = g(z)vi for z ∈
E(CU) and 1 ≤ i ≤ m. 
2. Direct products and elementary equivalence.
For each group G and any subgroups A,B, we write G = A×B if G = AB
and A ∩B = [A,B] = {1}.
Theorem 2.1. Consider a polycyclic-by-finite group G, an integer k ≥ 1
such that Γ(G)k ⊂ Z(G)∆(G) and ∆(G)k ⊂ G′, an integer n ≥ 1 and some
finite sequences x1, . . . , xn ⊂ G such that G = 〈x1〉 × · · · × 〈xn〉. Write
Gi = 〈xi〉 for 1 ≤ i ≤ n. Then there exist an integer r ≥ 1 and, for each
integer m ≥ 1, a formula ϕm(u1, . . . , un) satisfied by (x1, . . . , xn) in G such
that, for each finitely generated group H with Γ(H)k ⊂ Z(H)∆(H) and
∆(H)k ⊂ H ′, and for each (y1, . . . , yn) which satisfies ϕm in H , there exist
some subgroups Hi ⊂ CH(y1, . . . , yi−1, yi+1, . . . , yn) with |Hi/H
r
i | = |Gi/G
r
i |
such that H = H1 × · · · × Hn and such that the maps xi → prHi(yi) in-
duce injective homomorphisms fi : Gi → Hi with Hi = fi(Gi)Z(H
r
i ) and
|Hi : fi(Gi)| prime to m.
Proof. By [6, Th. 3.1], there exist an integer r ≥ 1 and, for each integer
m ≥ 1, a formula ψm(u1, . . . , un) satisfied by (x1, . . . , xn) in G such that, for
each finitely generated group H and each (u1, . . . , un) which satisfies ψm in
H , the map (x1, . . . , xn)→ (u1, . . . , un) induces an injective homomorphism
f : G→ H with H = f(G)Z(Hr) and |H : f(G)| prime to m.
It suffices to show that ϕm exists for m divisible by r. We fix m for the
remainder of the proof.
For 1 ≤ i ≤ n, we write x∗i = (x1, . . . , xi−1, xi+1, . . . , xn) and u
∗
i =
(u1, . . . , ui−1, ui+1, . . . , un). We have
Gi ⊂ CG(x
∗
i ) = Z(G1)×· · ·×Z(Gi−1)×Gi×Z(Gi+1)×· · ·×Z(Gn) = GiZ(G).
It follows that G = CG(x
∗
1) · · ·CG(x
∗
n).
We consider an integer t ≥ 1 such that G′ = G′(t). We denote by
α(u1, . . . , un) a formula which says that H
′ = H ′(t), [CH(u
∗
i ), CH(u
∗
j)] = {1}
for i 6= j and H = CH(u
∗
1) · · ·CH(u
∗
n). It follows that Z(CH(u
∗
i )) = Z(H) for
1 ≤ i ≤ n and H/Z(H) = CH(u
∗
1)/Z(H)× · · ·×CH(u
∗
n)/Z(H). The formula
α is satisfied by (x1, . . . , xn) in G.
From now on, we only consider groups H such that H ′ = H ′(t), Γ(H)k ⊂
Z(H)∆(H) and ∆(H)k ⊂ H ′, and sequences (u1, . . . , un) which satisfy α∧ψm
in H . For each i ∈ {1, . . . , n}, we consider a sequence of terms ρi(ui) such
that each element of ∆(Gi) can be written in a unique way in the form xy
with x ∈ ρi(xi) and y ∈ G
′
i.
As α(u1, . . . , un) implies CH(u
∗
i )
′ = CH(u
∗
i )
′(t) for 1 ≤ i ≤ n, there exists
a formula β(u1, . . . , un) satisfied by (x1, . . . , xn) in G which expresses that:
1) H ′ = CH(u
∗
1)
′ × · · · × CH(u
∗
n)
′ (it suffices to say that
{1} = CH(u
∗
i )
′ ∩ (CH(u
∗
1)
′ · · ·CH(u
∗
i−1)
′CH(u
∗
i+1)
′ · · ·CH(u
∗
n)
′) for 1 ≤ i ≤ n);
2) vw ∈ ρi(ui)CH(u
∗
i )
′ for 1 ≤ i ≤ n and v, w ∈ ρi(ui);
3) each element of ∆(H) can be written in a unique way as v1 · · · vnv with
v ∈ H ′ and vi ∈ ρi(ui) for 1 ≤ i ≤ n (here we use ∆(H)
k ⊂ H ′).
It follows from 1), 2), 3) that ∆(H) is the direct product of the subgroups
ρi(ui)CH(u
∗
i )
′ for 1 ≤ i ≤ n.
From now on, we only consider sequences (u1, . . . , un) which satisfy α ∧
β ∧ ψm in H .
For each i ∈ {1, . . . , n}, we consider some terms σi,1(ui), . . . , σi,r(i)(ui)
such that each element of Γ(Gi) can be written in a unique way as
σi,1(xi)
a1 · · ·σi,r(i)(xi)
ar(i)y with a1, . . . , ar(i) ∈ Z and y ∈ ∆(Gi).
There exists a formula γ(u1, . . . , un) satisfied by (x1, . . . , xn) in G which
expresses that each element of Γ(H) can be written as u = Π
1≤j≤r(i)
1≤i≤n σi,j(ui)
ai,jvkmw
with 0 ≤ ai,j ≤ km−1 completely determined by u for any i, j, and v ∈ Γ(H),
w ∈ ∆(H).
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For each i ∈ {1, . . . , n}, we also consider some terms τ i,1(ui), . . . , τ i,s(i)(ui)
such that each element of Gi can be written in a unique way as
τ i,1(xi)
a1 · · · τ i,s(i)(xi)
as(i)y with a1, . . . , as(i) ∈ Z and y ∈ Γ(Gi). It follows
that each element of CG(x
∗
i ) = GiZ(G) can be written as
x = τ i,1(xi)
a1 · · · τ i,s(i)(xi)
as(i)ymz with 0 ≤ a1, . . . , as(i) ≤ m − 1 completely
determined by x, and y ∈ CG(x
∗
i ), z ∈ Γ(CG(x
∗
i )).
Consequently, there exists a formula δi(u1, . . . , un) satisfied by (x1, . . . , xn)
in G which expresses that each element of CH(u
∗
i ) can be written as u =
τ i,1(ui)
a1 · · · τ i,s(i)(ui)
as(i)vmw with 0 ≤ a1, . . . , as(i) ≤ m − 1 completely de-
termined by u, and v ∈ CH(u
∗
i ), w ∈ Γ(CH(u
∗
i )).
We denote by δ the conjunction of the formulas δi. From now on, we only
consider sequences (u1, . . . , un) which satisfy ϕm = α ∧ β ∧ γ ∧ δ ∧ ψm in H .
As the abelian group Γ(H)/∆(H) is finitely generated and torsion-free,
it is freely generated by the images of a family of elements (vi,j)
1≤j≤r(i)
1≤i≤n ⊂
Γ(H), where each vi,j can be written as σi,j(ui)v
kmw with v ∈ Γ(H) and
w ∈ ∆(H), which implies vkmw ∈ Z(H)m∆(H) since Γ(H)k ⊂ Z(H)∆(H).
For any i, j, we choose w in such a way that vkmw ∈ Z(H)m, which implies
vi,j ∈ σi,j(ui)Z(H)
m ⊂ CH(u
∗
i ).
For each i ∈ {1, . . . , n}, as the abelian group CH(u
∗
i )/Γ(CH(u
∗
i )) is finitely
generated and torsion-free, it is freely generated by the images of a se-
quence of elements (wi,j)1≤j≤s(i), where each wi,j can be written in the form
τ i,j(ui)w
m with w ∈ CH(u
∗
i ), which implies wi,j ∈ CH(u
∗
i ).
For each i ∈ {1, . . . , n}, we denote by Hi the subgroup of H generated
by CH(u
∗
i )
′, ρi(ui), vi,1, . . . , vi,r(i), wi,1, . . . , wi,s(i). We have Hi ⊂ CH(u
∗
i ) and
each element ofHi can be written in a unique way as uv
a1
i,1 · · · v
ar(i)
i,r(i)w
b1
i,1 · · ·w
bs(i)
i,s(i)
with u ∈ ρi(ui)CH(u
∗
i )
′, a1, . . . , ar(i) ∈ Z and b1, . . . , bs(i) ∈ Z.
We have H = H1 × · · · ×Hn because of the following facts:
1) For i 6= j, [Hi, Hj] = {1} follows from [CH(u
∗
i ), CH(u
∗
j)] = {1}.
2) We have ∆(H) = ρ1(u1)CH(u
∗
1)
′ × · · · × ρn(un)CH(u
∗
n)
′.
3) We have Γ(H)/∆(H) = 〈v′1,1, . . . , v
′
1,r(1)〉 × · · · × 〈v
′
n,1, . . . , v
′
n,r(n)〉 where
the v′i,j are the images of the vi,j in H/∆(H).
4) The properties Z(H) = Z(CH(u
∗
1)) = · · · = Z(CH(u
∗
n)) and
H/Z(H) = CH(u
∗
1)/Z(H)× · · · × CH(u
∗
n)/Z(H) imply
H/Γ(H) = CH(u
∗
1)/Γ(CH(u
∗
1))× · · · × CH(u
∗
n)/Γ(CH(u
∗
n))
= 〈w′1,1, . . . , w
′
1,s(1)〉 × · · · × 〈w
′
n,1, . . . , w
′
n,s(n)〉
where the w′i,j are the images of the wi,j in CH(u
∗
i )/Γ(CH(u
∗
i )).
Now we prove that
∣∣Hi : prHi(f(Gi))
∣∣ is prime to m for 1 ≤ i ≤ n.
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As (u1, . . . , un) satisfies γ ∧ δ in H , f induces some injective homomo-
morphisms from G/Γ(G) to H/Γ(H) and from Γ(G)/∆(G) to Γ(H)/∆(H).
It follows f(Γ(G)) = Γ(H) ∩ f(G) and f(∆(G)) = ∆(H) ∩ f(G).
Moreover, |∆(H) : f(∆(G))| is prime tom because it divides |H : f(G)| =
|H : f(G)∆(H)| . |∆(H) : f(∆(G))|. It follows that |∆(Hi) : f(∆(Gi))| is
prime tom since ∆(G) = ∆(G1)×· · ·×∆(Gn), ∆(H) = ∆(H1)×· · ·×∆(Hn)
and f(∆(Gj)) ⊂ ∆(Hj) for 1 ≤ j ≤ n.
We have vi,jprHi(σi,j(ui))
−1 = prHi(vi,jσi,j(ui)
−1) ∈ prHi(H
m) = Hmi for
1 ≤ j ≤ r(i) and wi,jprHi(τ i,j(ui))
−1 = prHi(wi,jτ i,j(ui)
−1) ∈ prHi(H
m) =
Hmi for 1 ≤ j ≤ s(i). Consequently, Hi =
〈
∆(Hi), (vi,j)1≤j≤r(i), (wi,j)1≤j≤s(i)
〉
is generated by prHi(f(Gi)), H
m
i and ∆(Hi), and
∣∣Hi : prHi(f(Gi))∆(Hi)
∣∣ is
prime tom. It follows that
∣∣Hi : prHi(f(Gi))
∣∣ is prime tom since prHi(f(∆(Gi))) =
f(∆(Gi)) and |∆(Hi) : f(∆(Gi))| is prime to m.
Finally, we show that Hi = prHi(f(Gi))Z(H
r
i ) for 1 ≤ i ≤ n.
We have H ′ ⊂ f(G)′Z(Hr) = f(G′)Z(Hr) because H = f(G)Z(Hr)
and Z(Hr) is normal in H . As f(∆(G)) contains each ρj(uj), it follows
∆(H) ⊂ f(∆(G))Z(Hr). Consequently, we have ∆(Hi) ⊂ f(∆(Gi))Z(H
r
i ) =
prHi(f(∆(Gi)))Z(H
r
i ) since prHi(∆(H)) = ∆(Hi), prHi(Z(H
r)) = Z(Hri ),
prHi(f(∆(Gi))) = f(∆(Gi)) and prHi(f(∆(Gj))) = {1} for j ∈ {1, . . . , n} −
{i}.
For 1 ≤ j ≤ r(i), we have vi,j ∈ σi,j(ui)Z(H)
m, and therefore vi,j ∈
prHi(σi,j(ui))Z(Hi)
m since prHi(vi,j) = vi,j and prHi(Z(H)
m) = Z(Hi)
m. As
r divides m, we have Z(Hi)
m ⊂ Z(Hi)
r ⊂ Z(Hri ). Consequently,
prHi(f(Γ(Gi)))Z(H
r
i ) contains vi,1, . . . , vi,r(i) and therefore contains Γ(Hi).
For each z ∈ Hi, as H = f(G)Z(H
r), there exist x1 ∈ 〈x1〉 , . . . , xn ∈
〈xn〉, y ∈ Z(H
r) such that z = f(x1) · · ·f(xn)y. It follows that z =
prHi(z) = prHi(f(x1)) · · ·prHi(f(xn))prHi(y) belongs to prHi(f(Gi))Z(H
r
i )
since prHi(y) ∈ Z(H
r
i ), prHi(f(xi)) ∈ prHi(f(Gi)) and prHi(f(xj)) ∈ Z(Hi) ⊂
Γ(Hi) ⊂ prHi(f(Γ(Gi)))Z(H
r
i ) for j ∈ {1, . . . , n} − {i}. 
Theorem 2.2. Let G,H be elementarily equivalent polycyclic-by-finite
groups. Then, for each decomposition G ∼= G1 × · · · × Gm, there exists
a decomposition H ∼= H1 × · · · ×Hm with Hi ≡ Gi for 1 ≤ i ≤ m.
Proof. There exists k ∈ N∗ such that Γ(G)k ⊂ Z(G)G′, ∆(G)k ⊂ G′,
Γ(H)k ⊂ Z(H)H ′ and ∆(H)k ⊂ H ′. Consequently, by Theorem 2.1, there
exist r ∈ N∗ and, for each n ∈ N∗, a decomposition H ∼= H1,n×· · ·×Hm,n and
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some injective homomorphisms gi,n : Gi → Hi,n with
∣∣Hi,n/Hri,n
∣∣ = |Gi/Gri |,
Hi,n = gi,n(Gi)Z(H
r
i,n) and |Hi,n : gi,n(Gi)| prime to n! for 1 ≤ i ≤ m.
According to [14, Cor. 3], up to isomorphism, H only has finitely many
decompositions in direct products of indecomposable groups. It follows that,
up to isomorphism, H only has finitely many decompositions in direct prod-
ucts of groups, since any such decomposition is obtained by grouping together
some factors of a decomposition in direct product of indecomposable groups.
Consequently, there exists S ⊂ N∗ infinite such that, for each i ∈ {1, . . . , m},
the subgroups Hi,n for n ∈ S are all isomorphic. By Theorem 1.1, it follows
Gi ≡ Hi,n for 1 ≤ i ≤ m and n ∈ S. 
Remark. In particular, if H is indecomposable, then G is indecomposable.
The following definitions are slightly different from those given by F. Oger
in [14]. We are using them because they are easier to manage.
Definitions. Denote by J the infinite cyclic group with multiplicative no-
tation. Let G be a group with G/G′ finitely generated. Then G is J-
indecomposable if it is indecomposable and if, for each r ∈ N∗ and any groups
M,N , (×rJ)× G ∼= M × N implies M or N torsion-free abelian (in partic-
ular, J is J-indecomposable). A J-decomposition of G is a decomposition
(×rJ)×G ∼= G1 × · · · ×Gn with G1, . . . , Gn J-indecomposable.
According to [14, Prop. 1], each group M with M/M ′ finitely generated
which satisfies the maximal condition on direct factors, and in particular
each polycyclic-by-finite group, has a J-decomposition. By [14, Th.], for any
J-indecomposable groups G1, . . . , Gm, H1, . . . , Hn with G1/G
′
1, . . . , Gm/G
′
m,
H1/H
′
1, . . . , Hn/H
′
n finitely generated, if G1×· · ·×Gm
∼= H1×· · ·×Hn, then
m = n and there exists a permutation σ of {1, . . . , n} such that J × Gi ∼=
J ×Hσ(i) for 1 ≤ i ≤ n.
According to [10], for any groups G,H , if J ×G ∼= J ×H , then G ≡ H .
By [14, Lemma 1], J × J ×G ∼= J ×H implies J ×G ∼= H .
Lemma 2.3. For any elementarily equivalent polycyclic-by-finite groups
G,H , if G is J-indecomposable, then H is J-indecomposable.
Proof. Otherwise, there exists a decomposition (×rJ)×H ∼= H1×H2 with
H1, H2 not torsion-free abelian. As (×
rJ) × G ≡ (×rJ) × H , Theorem 2.2
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implies the existence of a decomposition (×rJ)×G ∼= G1×G2 with G1 ≡ H1
and G2 ≡ H2. It follows that G is not J-indecomposable. 
Corollary 2.4. For any elementarily equivalent polycyclic-by-finite groups
G, H , each r ∈ N∗ and any J-decompositions (×rJ)×G ∼= G1×· · ·×Gm and
(×rJ)×H ∼= H1 × · · · ×Hn, we have m = n and there exists a permutation
σ of {1, . . . , n} such that Gi ≡ Hσ(i) for 1 ≤ i ≤ n.
Proof. As (×rJ)×G ≡ (×rJ)×H , Theorem 2.2 implies the existence of a
decomposition (×rJ)×H ∼= K1× · · ·×Km with Ki ≡ Gi for 1 ≤ i ≤ m. By
Lemma 2.3, each Ki is J-indecomposable. According to [14, Th.], we have
m = n and there exists a permutation σ of {1, . . . , n} such that J ×Hσ(i) ∼=
J ×Ki, and therefore Hσ(i) ≡ Ki ≡ Gi, for 1 ≤ i ≤ n. 
Lemma 2.5. For any polycyclic-by-finite groups G,H and each r ∈ N∗, if
(×rJ)×G ≡ (×rJ)×H , then G ≡ H .
Proof. It follows from Theorem 2.2 applied to (×rJ) × G and (×rJ) × H
that there exists a group K ≡ G such that (×rJ)×H ∼= (×rJ)×K, which
implies J ×H ∼= J ×K and H ≡ K ≡ G. 
Corollary 2.6. For any polycyclic-by-finite groups G1, G2, H1, H2 such that
G1 ≡ H1, we have G1 ×G2 ≡ H1 ×H2 if and only if G2 ≡ H2.
Proof. The condition is sufficient by Feferman-Vaught’s theorem. It remains
to be proved that it is necessary.
By Corollary 2.4, there exist some J-decompositions (×rJ)×G1 ∼= G1,1×
· · ·×G1,k and (×
rJ)×H1 ∼= H1,1× · · ·×H1,k with G1,i ≡ H1,i for 1 ≤ i ≤ k.
We also consider some J-decompositions (×sJ)×G2 ∼= G2,1×· · ·×G2,m and
(×sJ)×H2 ∼= H2,1 × · · · ×H2,n.
The property G1×G2 ≡ H1×H2 implies (×
r+sJ)×G1×G2 ≡ (×
r+sJ)×
H1 × H2. It follows from Corollary 2.4 applied to the J-decompositions
(×r+sJ) × G1 × G2 ∼= G1,1 × · · · × G1,k × G2,1 × · · · × G2,m and (×
r+sJ) ×
H1 × H2 ∼= H1,1 × · · · × H1,k × H2,1 × · · · × H2,n that, for each group K,
we have |{i ∈ {1, . . . , m} | G2,i ≡ K}| = |{j ∈ {1, . . . , n} | H2,j ≡ K}| since
|{i ∈ {1, . . . , k} | G1,i ≡ K}| = |{j ∈ {1, . . . , k} | H1,j ≡ K}|. Consequently,
we have (×sJ)×G2 ≡ (×
sJ)×H2. It follows G2 ≡ H2 by Lemma 2.5. 
Corollary 2.7. For any polycyclic-by-finite groups G,H and each integer
k ≥ 2, we have ×kG ≡ ×kH if and only if G ≡ H .
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Proof. The condition is sufficient by Feferman-Vaught’s theorem. It remains
to be proved that it is necessary.
We consider some J-decompositions (×rJ) × G ∼= G1 × · · · × Gm and
(×rJ)×H ∼= H1×· · ·×Hn. Then (×
krJ)× (×kG) ∼= (×kG1)×· · ·× (×
kGm)
is a J-decomposition of ×kG and (×krJ)× (×kH) ∼= (×kH1)× · · ·× (×
kHn)
is a J-decomposition of ×kH .
The property ×kG ≡ ×kH implies (×krJ) × (×kG) ≡ (×krJ) × (×kH).
By Corollary 2.4, we have m = n and, for each group L, the decompositions
(×kG1) × · · · × (×
kGn) and (×
kH1) × · · · × (×
kHn) have the same number
of factors which are elementarily equivalent to L. Consequently, the same
property is true for the decompositions G1× · · · ×Gn and H1× · · · ×Hn. It
follows G1 × · · · × Gn ≡ H1 × · · · ×Hn and (×
rJ)× G ≡ (×rJ)×H . This
property implies G ≡ H by Lemma 2.5. 
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